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1
$\Omega\subset \mathbb{R}^{3}$ $D\subset\Omega$ $\overline{D}$ $\Omega,$ $\Omega\backslash \overline{D}$
$0<\alpha_{0}\leq 1$ $\partial\Omega,$ $\partial D$ $C^{2,\alpha_{0}}$ $(C^{2}$ 2 $\alpha_{0}$
H\"order ) $x\in\partial D,$ $y\in\partial\Omega$ $D,$ $\Omega$
$\nu_{x}=t((\nu_{x})_{1},$ $(\nu_{x})_{2},$ $(v_{x})_{3}),$ $v_{y}=t((v_{y})_{1},$ $(v_{y})_{2},$ $(v_{y})_{3})$ $T>0$
$\{\begin{array}{ll}(\partial_{t}-\triangle)u(t, x)=0 in (0, T)\cross(\Omega\backslash \overline{D}) ,\partial_{\nu}u(t, x)=0 on (0, T)\cross\partial D,u(O, x)=0 on \Omega\backslash \overline{D}\end{array}$ (1.1)
$u(t, x)$ $\partial_{\nu}=\partial_{\nu_{x}}=\sum_{j=1}^{3}(v_{x})_{j}\partial_{x_{j}}(x\in\partial D\cup\partial\Omega)$




$D$ $\partial D$ $\mathbb{R}^{3}\backslash \overline{\Omega}$
$\partial\Omega$ $f(t, x)=\partial_{\nu}u(t, x)((t, x)\in(0, T)\cross\partial\Omega)$
$\partial\Omega$ $u(t, x)|_{(0,T)x\partial\Omega}$
$T>0$ $X\subset L^{2}((0, T)\cross\partial\Omega)$ $f(t, x)$
$f\in X$ $u$
$\mathcal{E}_{X}=\{(u|_{(0,T)\cross\partial\Omega}, \partial_{\nu}u|_{(0,T)\cross\partial\Omega})|u$ (1.1) $\partial_{\nu}u|_{(0,T)\cross\partial\Omega}=f\in X$ $\}$ . (1.2)
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( [20], [22, 23], [25], [14],
[27], [21] $)$ )
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1 $)$ $(i.e. \# X=\infty)$
Elayyan-Isakov [6] [6] $D$
$D$
[6] $\partial D$
$\mathcal{E}_{X}$ $(i.e. \# X=1)$




2 $)$ Canuto-Rosset-Vessella [2] Vessella [29]
Vessella $\iota_{\llcorner}^{-}$ [30]






( [9] [10] )
1
$\Omega,$ $D$ $\partial D$ $(0, \infty),$ $(a, \infty)$ $\{a\}$
[13] $(i.e. \# X=1)$ $\{a\}$
1 Daido-
Kang-Nakamura [3] Daido-Lei-Liu-Nakamura [4] [7]
(probe method) $\{a\}$








[16, 17, 18] $f\in X$
(1.1) $u=u_{f}$ $\lambda$ $D$ $\psi_{\lambda}(t, x)$
$I(u_{f}, \psi_{\lambda})=\int_{0}^{T}\int_{\partial\Omega}(\partial_{\nu}\psi_{\lambda}(t, x)u_{f}(t, x)-\psi_{\lambda}(t, x)\partial_{\nu}u_{f}(t, x))dS_{x}dt$ (1.3)
(1.2) $(0, T)\cross\partial\Omega$ $u_{f}(t, x)$










$\psi_{\lambda}$ $\psi_{\lambda}(t, x)=e^{-\lambda^{2}}tv(x;\lambda)$ $v(x;\lambda)$ $\Omega$ $(\triangle-\lambda^{2})v(x;\lambda)=0$
$D$ $v(x;\lambda)$
Theorem 2. 1 $D$ $v(x;\lambda)$
Theorem 2.1 $v(x;\lambda)$ (2. 18) (1.3)
$I(u_{f}, \psi_{\lambda})$ $\lambdaarrow\infty$ $\Omega$ $\phi(x;\lambda)$ $\lambdaarrow\infty$
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$\{$
$(\triangle-\lambda^{2})\phi(x;\lambda)=0$ in $\Omega,$ (1.4)
$\phi(x;\lambda)=1$ on $\partial\Omega.$
(1.4) $\phi(x;\lambda)$ Varadhan [28]












Theorem 3. 1 $R_{D}(y)= \sup_{x\in D}|x-y|$
$(y\in \mathbb{R}^{3})$
Theorem 3.2 Theorem 2.1 $v(x;\lambda)$
(2.18)
[17]
dist $(D, \partial\Omega)$ $D$
(Theorem3.2 )
4 Theorem 2.1 Theorem 2.1
[16] [17] [16,17]
Theorem 2. 1




Proposition 1.1 $\delta>0$ $B_{\delta}(a)=\{x\in \mathbb{R}^{3}||x-a|<\delta\}$
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(1) $x_{0}\in\partial D$ $C>0$
$\int_{\overline{D}\cap B_{\delta}(x_{0})^{e^{-\lambda|x-x_{0}|dx\geq C\lambda^{-3}}}} (\lambda>>1)$. (1.5)
(2) $y_{0}\in\partial\Omega$ $C>0$
$\int_{\partial\Omega\cap B_{\delta}(yo)}e^{-\lambda|y-yo|}dS_{y}\geq C\lambda^{-2} (\lambda>>1)$ . (1.6)










$f\in X\subset L^{2}((0, T)\cross\partial\Omega)$ $(u|_{(0,\tau)\cross\partial\Omega}, \partial_{\nu}u|_{(0,\tau)\cross\partial\Omega})$
$u(T, \cdot)$ Hilbert $V$ $H$ $V\subset H$ $V$
$H$ $H\ni xarrow x\in V’$
$V\subset H\subset V’$ $T>0$ $W(0, T;V, V’)=\{u|u\in$
$L^{2}((0, T);V),$ $u’\in L^{2}((0, T);V’)\}$ u’ $u$ $t\in(0, T)$ (
)




$\nabla u(t, x)\cdot\nabla\varphi(x)dx=\langle f(t, \cdot),$ $\varphi|_{\partial\Omega}\rangle$ in $(0, T)$ , (2.1)
$(0, T)$ $u$
$\{\begin{array}{ll}(\partial_{t}-\triangle)u(t, x)=0 in (0, T)\cross(\Omega\backslash \overline{D}) ,\partial_{\nu}u(t, x)=0 on (0, T)\cross\partial D,\partial_{v}u(t, x)=f(t, x) on (0, T)\cross\partial\Omega\end{array}$ (2.2)
[5] p.473 Theorem 1
$W(0, T;H^{1}(\Omega\backslash \overline{D}), (H^{1}(\Omega\backslash \overline{D}))’)arrow C^{0}([0, T];L^{2}(\Omega\backslash \overline{D}))$ ,
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$t\in[0, T]$ $u(t)\in L^{2}(\Omega\backslash \overline{D})$
[5] p.512-513 Theorem 1 2 $u(O)=0$ (2.2)
$u$ [5] p.512 $P$ .520 Remark 2 Theorem 3 $f$
$C_{T}>0$
$\Vert u\Vert_{L^{2}((0,T);H^{1}(\Omega\backslash \overline{D}))}\leq C_{\tau}\Vert f\Vert_{L^{2}((0,\tau);H^{-1/2}}(\partial\Omega))$
$u$ (2.1)
$\Vert u’\Vert_{L^{2}((0,T);(H^{1}(\Omega\backslash \overline{D}))’)}\leq C_{\tau}\Vert f\Vert_{L^{2}((0,\tau);H^{-1/2}}(\partial\Omega))$
$f\in X$




(1.3) $\psi_{\lambda}\in C^{1}([0, T];H^{1}(\Omega))$ $\tilde{\psi}_{\lambda}\in C([O, T];H^{-1/2}(\partial\Omega))$
$\{$
$(\partial_{t}+\triangle)\psi_{\lambda}(t, x)=0$ in $(0, T)\cross\Omega,$ (2.4)
$\partial_{\nu}\psi_{\lambda}(t, x)=\tilde{\psi}_{\lambda}(t, x)$ on $(0, T)\cross\partial\Omega,$
(2.4)
$\partial_{t}(\langle\psi_{\lambda}(t, \cdot), \varphi\rangle)-\int_{\Omega}\nabla_{x}\psi_{\lambda}(t, x)\cdot\nabla_{x}\varphi(x)dx=-\langle\tilde{\psi}_{\lambda}(t, \cdot),$ $\varphi|_{\partial\Omega}\rangle$
$(\varphi\in H^{1}(\Omega))$ (2.5)
$\tilde{\psi}_{\lambda}$ $\partial_{\nu}\psi_{\lambda}$
$\psi_{\lambda}$ (2.5) $\partial_{\nu}\psi_{\lambda}\in H^{-1/2}(\partial D)$
$\partial_{t}(\langle\psi_{\lambda}(t, \cdot), \varphi\rangle)-\int_{D}\nabla_{x}\psi_{\lambda}(t, x)\cdot\nabla_{x}\varphi(x)dx=-\langle\partial_{\nu}\psi_{\lambda}(t, \cdot),$
$\varphi|_{\partial D}\rangle(\varphi\in H^{1}(D))$ (2.6)
1





$\nabla_{x}\psi_{\lambda}(t, x)\cdot\nabla_{x}\varphi(x)dx=-\langle\partial_{\nu}\psi_{\lambda}(t, \cdot),$ $\varphi|_{\partial\Omega}\rangle+\langle\partial_{\nu}\psi_{\lambda}(t, \cdot),$
$\varphi|_{\partial D}\rangle$
(2.7)
$1 \Phi_{D}(\varphi)=\partial_{t}(\langle\psi_{\lambda}(t, \cdot), \varphi\rangle)-\int_{D}\nabla_{x}\psi_{\lambda}(t, x)\cdot\nabla_{x}\varphi(x)dx$ $E$ : $H^{1/2}(\partial D)arrow H^{1}(D)$
$\Phi_{D}\in B(H^{1}(D), \mathbb{C})$ $\Phi_{D}(Ek)=$ - $h,$ $k\rangle_{H}-1/2(\partial D)\cross H^{1/2}(\partial D)(k\in H^{1/2}(\partial D))$
$h\in H^{-1/2}(\partial D)$ $\varphi\in H^{1}(D)$ $k=\varphi|_{\partial D}\in H^{1/2}(\partial D)$ $\tilde{\varphi}=\varphi-Ek$
$\tilde{\varphi}\in H_{0}^{1}(D)\subset H_{0}^{1}(\Omega)$ (2.5) $0=\Phi_{\Omega}(\tilde{\varphi})=\Phi_{D}(\tilde{\varphi})=\Phi_{D}(\varphi)-\Phi_{D}(Ek)$ o
$\langle h,$ $\varphi|_{\partial D}\rangle_{H}-1/2(\partial D)xH^{1}/2(\partial D)=-\Phi_{D}(\varphi)(\varphi\in H^{1}(D))$
$h$
$\tilde{h}$
$k\in H^{1/2}(\partial D)$ $\langle h-\tilde{h},$ $k\rangle_{H^{-1/2}}(\partial D)xH^{1/2}(\partial D)=\Phi_{D}(Ek)-\Phi_{D}(Ek)=0$
$h$ $\partial_{\nu}\psi_{\lambda}\in H^{-1/2}(\partial D)$
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$\varphi=u_{f}$ (2.1)
$\langle\partial_{t}\psi_{\lambda}(t, \cdot),$ $u_{f}(t, \cdot)\rangle+\langle\partial_{t}u_{f}(t, \cdot),$ $\psi_{\lambda}(t, \cdot)\rangle$
$=\langle f(t, \cdot), \psi_{\lambda}(t, \cdot)|_{\partial\Omega}\rangle-\langle\partial_{\nu}\psi_{\lambda}(t, \cdot), u_{f}(t, \cdot)|_{\partial\Omega}\rangle+\langle\partial_{\nu}\psi_{\lambda}(t, \cdot), u_{f}(t, \cdot)|_{\partial D}\rangle$
$\langle\partial_{t}u_{f}(t, \cdot), \psi_{\lambda}(t, \cdot)\rangle+\langle u_{f}(t, \cdot), \partial_{t}\psi_{\lambda}(t, \cdot)\rangle=\partial_{t}(\langle u_{f}(t, \cdot), \psi_{\lambda}(t, \cdot)\rangle)$
$u(O, x)=0$
$I(u_{f}, \psi_{\lambda})=\int_{0}^{T}\{\langle\partial_{\nu}\psi_{\lambda}(t, \cdot), u_{f}(t, \cdot)|_{\partial\Omega}\rangle-\langle f(t, \cdot), \psi_{\lambda}(t, \cdot)|_{\partial\Omega}\rangle\}dt$




$\{\begin{array}{l}(\triangle-\lambda^{2})v(x;\lambda)=0 in \Omega,(2.9)\partial_{\nu}v(x;\lambda)=g(x;\lambda) on \partial\Omega,\end{array}$
$g(\cdot;\lambda)\in H^{-1/2}(\partial\Omega)$ $\lambda>0$
$C>0$
$\Vert g(\cdot;\lambda)\Vert_{H^{-1/2}(\partial\Omega)}\leq Ce^{C\lambda} (\lambda>1)$ (2.10)
$v(\cdot;\lambda)$ $\psi_{\lambda}$ $\psi_{\lambda}(t, x)=e^{-\lambda^{2}t}v(x;\lambda)$ $\psi_{\lambda}$
(2.4) (2.9) (2.10) $C>0$
$\Vert v(\cdot;\lambda)\Vert_{H^{1}(\Omega)}\leq Ce^{C\lambda} (\lambda>1)$ (2.11)
(2.11) (2.8) (2.3) $C>0$






$\{\begin{array}{l}q(\cdot;\lambda)\in H^{2}(\mathcal{O}) , \Vert q(\cdot;\lambda)\Vert_{H^{-1/2}(\partial\Omega)}\leq Ce^{C\lambda} (\lambda>0) (\triangle-\lambda^{2})q(x;\lambda)=0 in \mathcal{O} (\lambda\geq 1)\end{array}$ (2.13)
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$q(x;\lambda)$ $q$ $\varphi\in L^{2}(0, T)$
$f_{\lambda}(t, x)=\varphi(t)q(x;\lambda)|_{(0,T)\cross\partial\Omega}\in L^{2}((0, T)\cross\partial\Omega) (\lambda\geq 1)$ (2.14)
$X=\{f_{\lambda}|\lambda\geq 1\}$ $X$
$\mathcal{E}_{X}=\{(u_{f_{\lambda}}|_{(0,T)\cross\partial\Omega}, f_{\lambda})|\lambda\geq 1\}$
2 $\varphi$ $q(\cdot;\lambda)$ $v(\cdot;\lambda)$
$v(x; \lambda)=\int_{0}^{T}e^{-\lambda^{2}}t\varphi(t)q(x;\lambda)dt$
$v(x;\lambda)$ (1.3) $\psi_{\lambda}$ $\psi_{\lambda}(t, x)=$
$e^{-\lambda^{2}}tv(x;\lambda)$ $I(\lambda)$
$I(\lambda)=I(u_{f_{\lambda}}, \psi_{\lambda}) (\lambda\geq 1)$ (2.15)
$I(\lambda)$
2 $\mathcal{E}_{X}$ $f\in$
$L^{2}((0, T)\cross\partial\Omega)$ $X=\{f\}$ $\mathcal{E}_{X}=\{(u_{f}|_{(0,\tau)\cross\partial\Omega}, f)\}$
$f$
$g(x; \lambda)=\int_{0}^{T}e^{-\lambda^{2}}tf(t, x)dt (x\in\partial\Omega, \lambda>0)$ (2.16)
$v(x;\lambda)$ (2.9) $\Omega$ $v(x;\lambda)$ $f$
$v(x;\lambda)$ (1.3)
$\psi_{\lambda}$ $\psi_{\lambda}(t, x)=e^{-\lambda^{2}}tv(x;\lambda)$ $I(\lambda)$
$I(\lambda)=I(u_{f}, \psi_{\lambda}) (\lambda\geq 1)$ (2.17)
(2.15), (2.17)
Theorem 2.1 $v(x;\lambda)$ $d_{0}\in \mathbb{R},$ $C>0,$ $l_{0},$ $l_{1}\in \mathbb{R}$




1 (2.15) $v(x;\lambda)$ (2.16) $f$ (2.14)
$f_{\lambda}$ $g(x;\lambda)$ (2.9)
$v(x;\lambda)$ (2.9)
Theorem 2. 1 Varadhan [28] $\lambdaarrow\infty$
(1.4) $\phi(x;\lambda)$ Varadhan [28] (2.9) $v(x;\lambda)$
$v(x;\lambda)=e^{-\lambda(dist(x,\partial\Omega)+o(1))} (\lambdaarrow\infty)$
dist $(x, \partial\Omega)=\inf\{|y-x||y\in\partial\Omega\}$ dist $(D, \partial\Omega)$





$d_{0}$ $d_{0}=$ dist $(D, \partial\Omega)$ $g(x;\lambda)=e^{\lambda d_{1}}$







$(\omega\in S^{2})$ , $d_{D}(p)= \inf\{|y-p||y\in D\}$ $(p\in \mathbb{R}^{3}\backslash \overline{\Omega})$ ,
$R_{D}(y)= \sup_{x\in D}|x-y|$
$(y\in \mathbb{R}^{3})$ , dist $(D, \partial\Omega)=\inf\{|y-x||y\in\partial\Omega, x\in D\}$
$D$ $h_{D}(\omega)$
$D$ $x\cdot\omega<h_{D}(\omega)$ $\omega\in S^{2}$
$h_{D}(\omega)$ $D$






$D \subset\bigcap_{p\in \mathbb{R}^{3}\backslash \overline{\Omega}}\{x\in \mathbb{R}^{3}||x-p|>d_{D}(p)\},$ $D \subset\bigcap_{y\in \mathbb{R}^{3}}\{x\in \mathbb{R}^{3}||x-y|<R_{D}(y)\}$
dist $(D, \partial\Omega)$ $D$
Theorem 3.1 (2. 14) $\varphi$ $\varphi\in C^{1}([0, T])$ $\varphi(0)\neq 0$
(2.15) $I(\lambda)$ $q(x;\lambda)$
(1) $\omega\in S^{2}$ $q(x;\lambda)=e^{\lambda\omega\cdot x}$ $d_{0}=h_{D}(\omega)$ ,
(2) $p\in \mathbb{R}^{3}\backslash \overline{\Omega}$ $q(x;\lambda)=E_{\lambda}(x,p)$ $d_{0}=d_{D}(p)$ ,
(3) $y\in \mathbb{R}^{3}$ $q(x;\lambda)=\tilde{E}_{\lambda}(x, y)$ $d_{0}=R_{D}(y)$
Theorem 2.1 (2.18) $E_{\lambda}(x,p),\tilde{E}_{\lambda}(x, y)$
$E_{\lambda}(x,p)= \frac{e^{-\lambda|x-p|}}{2\pi|x-p|},$ $\tilde{E}_{\lambda}(x, y)=\{\begin{array}{ll}\frac{e^{\lambda|x-y|}-e^{-\lambda|x-y|}}{|x-y|} (x\neq y) ,2\sqrt{\lambda} (x=y)\end{array}$






$d_{D}(p)=|x_{0}-p|$ $x_{0}\in\partial D$ $x\in\partial D$ $|x-p|\leq$
$|x-x_{0}|+d_{D}(p)$
$\int_{D}e^{-2\lambda|x-p|}dx\geq e^{-2\lambda d_{D}(p)}\int_{D}e^{-2\lambda|x-xo|}dx\geq C\lambda^{-3}e^{-2\lambda d_{D}(p)}$
(1.5) (2.18)
$d_{0}=d_{D}(p)$ $E_{\lambda}(x,p)$
$\Vert\nabla_{x}v(\cdot;\lambda)\Vert_{L^{2}(D)}^{2}+|\lambda|^{2}\Vert v(\cdot;\lambda)\Vert_{L^{2}(D)}^{2}\leq C\int_{D^{e^{-2\lambda|x-p|dx\leq C’e^{-2\lambda d_{D}(p)}}}}$
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(2. 18) (2) Theorem3. 1
$\blacksquare$
3.1 (1) $\sim(3)$ $q$ (2.13)





Theorem 3.2 (2.17) $I(\lambda)$ $f$ (2.16)
$g(x;\lambda)$ $g(\cdot;\lambda)\in C(\partial\Omega)$ $C>0$ $l_{2}\in \mathbb{R}$
$C^{-1}\leq\lambda^{l_{2}}g(x;\lambda)\leq C (x\in\partial\Omega, \lambda>>1)$ (3.1)
(2.9) $v(x;\lambda)$ $d_{0}=$ dist $(D, \partial\Omega)$ Theorem 2.1
(2.18)
Theorem 3.2 $f$ (3.1)
$t=0$ $f$ $f(t, x)=0$
$(0\leq t\leq\delta)$ $|g(x;\lambda)|\leq Ce^{-\delta\lambda^{2}}$ (3. 1) Theorem
3.1 $\varphi$ $t=0$
$\varphi\in C^{N}([0, T]),$ $\varphi^{(j)}(0)=0(j=0,1, \ldots, N-1)$ ,
$\varphi^{(N)}(0)\neq 0$
(3.1) (2.9) $v(x;\lambda)$ (2.10)
$\Vert\nabla_{x}v(\cdot;\lambda)\Vert_{L^{2}(\Omega)}^{2}+|\lambda|^{2}\Vert v(\cdot;\lambda)\Vert_{L^{2}(\Omega)}^{2}\leq C\Vert g(\cdot;\lambda)\Vert_{H^{-1/2}(\partial\Omega)}\leq C’\lambda^{-l_{2}}$ $(\lambda>>1)$
Theorem 2. 1 Theorem 3.2 dist $(D, \partial\Omega)$ (2. 17) $I(\lambda)$
4 Theorem 2.1
2.1 [16, 17] 2.1
[16] 2 [17] 2




$= \langle g(\cdot;\lambda), \varphi|_{\partial\Omega}\rangle-\int_{\Omega\backslash \overline{D}}e^{-\lambda^{2}T}u_{f}(T, x)\varphi(x)dx (\varphi\in H^{1}(\Omega\backslash \overline{D}))$
$\{\begin{array}{ll}(\triangle-\lambda^{2})w_{f}(x;\lambda)=e^{-\lambda^{2}T}u_{f}(T, x) in \Omega\backslash \overline{D},\partial_{\nu}w_{f}(x;\lambda)=g(x;\lambda) on \partial\Omega,\partial_{\nu}w_{f}(x;\lambda)=0 on \partial D,\end{array}$
$p_{f}(x;\lambda)$
$\{\begin{array}{ll}(\triangle-\lambda^{2})p_{f}(x;\lambda)=0 in \Omega\backslash \overline{D},\partial_{\nu}p_{f}(x;\lambda)=g(x;\lambda) on \partial\Omega,\partial_{\nu}p_{f}(x;\lambda)=0 on \partial D,\end{array}$ (4.2)
$\epsilon_{f}(x;\lambda)=w_{f}(x;\lambda)-p_{f}(x;\lambda)$ $\epsilon_{f}(\cdot;\lambda)\in H^{1}(\Omega\backslash \overline{D})$
$\lambda^{2}\int_{\Omega\backslash \overline{D}}\epsilon_{f}\varphi dx+\int_{\Omega\backslash \overline{D}}\nabla_{x}\epsilon_{f}\cdot\nabla_{x}\varphidx=$
$\Omega\backslash$
$e^{-\lambda^{2}T}u_{f}(T, x)\varphi(x)dx$ $(\varphi\in H^{1}(\Omega\backslash \overline{D}))$
(4.3)
2 $f$ (2.14) $f=f_{\lambda}$
$\Vert f_{\lambda}\Vert_{L^{2}((0,T);L^{2}(\partial\Omega))}\leq Ce^{C\lambda} (\lambda>>1)$
$\Vert f\Vert_{L^{2}((0,T);L^{2}(\partial\Omega))}$ $\lambda>0$ (4.3)
$\varphi=\epsilon_{f}$ (2.3)
$\Vert\nabla_{x}\epsilon_{f}(.; \lambda)\Vert_{L^{2}(\Omega\backslash \overline{D})}^{2}+|\lambda|^{2}\Vert\epsilon_{f}(.; \lambda)\Vert_{L^{2}(\Omega\backslash \overline{D})}^{2}\leq Ce^{-3\lambda^{2}T/4} (\lambda>>1)$ (4.4)
(2.7) $\varphi\in H^{1}(\Omega\backslash \overline{D})$
$\lambda^{2}\int_{\Omega\backslash \overline{D}}v\varphi dx+\int_{\Omega\backslash \overline{D}}\nabla_{x}v\cdot\nabla_{x}\varphi dx=\langleg(\cdot;\lambda),$
$\varphi|_{\partial\Omega}\rangle-\int_{\partial D}\partial_{\nu}v(x;\lambda)\varphi dS_{x}$ (4.5)
(4.5) $\varphi=\epsilon_{f}$ (4.3) $\varphi=v$
$\int_{\Omega\backslash ^{-}}e^{-\lambda^{2}T}u_{f}(T, x)v(x;\lambda)dx=\langleg(\cdot;\lambda),$ $\epsilon_{f}(\cdot;\lambda)|_{\partial\Omega}\rangle-\int_{\partial D}\partial_{\nu}v(x;\lambda)\epsilon_{f}(x;\lambda)dS_{x}$
(2.11) (2.3) (2.10) (4.4)
$| \int_{\partial D}\partial_{\nu}v(x;\lambda)\epsilon_{f}(x;\lambda)dS_{x}|\leqCe^{-\lambda^{2}T/2} (\lambda>>1)$
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(2.12) (4.1) $C>0$
$|I( \lambda)-\int_{\partial D}\partial_{\nu}v(x;\lambda)p_{f}(x;\lambda)dS_{x}|\leq Ce^{-\lambda^{2}T/2} (\lambda>>1)$ (4.6)
$R(x;\lambda)=v(x;\lambda)-p_{f}(x;\lambda)$
$\lambda^{2}\int_{\Omega\backslash \overline{D}}p_{f}\varphi dx+\int_{\Omega\backslash \overline{D}}\nabla_{x}p_{f}\cdot\nabla_{x}\varphi dx=\langle g(\cdot;\lambda), \varphi|_{\partial\Omega}\rangle (\varphi\in H^{1}(\Omega\backslash \overline{D}))$
(4.3) $R(\cdot;\lambda)\in H^{1}(\Omega\backslash \overline{D})$
$\lambda^{2}\int_{\Omega\backslash D}R\varphi dx+\int_{\Omega\backslash \overline{D}}\nabla_{x}R\cdot\nabla_{x}\varphi dx=-\int_{\partial D}\partial_{\nu}v(\cdot;\lambda)\varphi dS_{x}$ $(\varphi\in H^{1}(\Omega\backslash \overline{D}))$
$\varphi=R$
$- \int_{\partial D}\partial_{\nu}vRdS_{x}\geq 0,$ $\Vert\nabla_{x}R\Vert_{L^{2}(\Omega\backslash \overline{D})}+|\lambda|\Vert R\Vert_{L^{2}(\Omega\backslash \overline{D})}\leq C\Vert\partial_{\nu}v\Vert_{H^{-1/2}(\partial D)}$ $(\lambda>>1)$
$\lambda>>1$
$\int_{\partial D}\partial_{\nu}vvdS_{x}\leq\int_{\partial D}\partial_{\nu}vp_{f}dS_{x}\leq\int_{\partial D}\partial_{\nu}vvdS_{x}+C\Vert\partial_{\nu}v\Vert_{H^{-1/2}(\partial D)}^{2}$ (4.7)
$\partial_{\nu}v$ $\varphi\in H^{1}(D)$
$|\langle\partial_{\nu}v,$ $\varphi|_{\partial D}\rangle_{H^{-1/2}(\partial D)\cross H^{1/2}(\partial D)}|\leq(\Vert\nabla_{x}v(\cdot;\lambda)\Vert_{L^{2}(D)}^{2}+|\lambda|^{2}\Vert v(\cdot;\lambda)\Vert_{L^{2}(D)}^{2})^{1/2}\Vert\varphi\Vert_{H^{1}(D)}$
$\Vert\partial_{\nu}v(\cdot;\lambda)\Vert_{H^{-1/2}(\partial D)}\leq C(\Vert\nabla_{x}v(\cdot;\lambda)\Vert_{L^{2}(D)}^{2}+|\lambda|^{2}\Vert v(\cdot;\lambda)\Vert_{L^{2}(D)}^{2})^{1/2}$ (4.8)
$v$ (2.9)
$\int_{\partial D}\partial_{\nu}vvdS_{x}=\Vert\nabla_{x}v(\cdot;\lambda)\Vert_{L^{2}(D)}^{2}+|\lambda|^{2}\Vert v(\cdot;\lambda)\Vert_{L^{2}(D)}^{2}$
(4.6) (4.7) (4.8) $C>0$




$\frac{-l_{0}\log\lambda+\log C_{0}}{\lambda}\leq 2d_{0}+\lambda^{-1}\log|I(\lambda)|\leq\frac{-l_{1}\log\lambda+\log C_{1}}{\lambda}$ $(\lambda>>1)$
$\lambdaarrow\infty$ Theorem 2.1 $\blacksquare$
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5 Theorem 3.2
Theorem 3.2 (2.9) $v(x;\lambda)$
Theorem 2.1 $E_{\lambda}(x,p)$
$V_{\Omega}( \lambda)g(x)=\int_{\partial\Omega}E(x-y;\lambda)g(y)dS_{y}$
( ) $E_{\lambda}(x,p)$ $(\triangle-\lambda^{2})E(x;\lambda)=-2\delta(x-p)$
( [24] )
1 $)$ $(\triangle-\lambda^{2})V_{\Omega}(\lambda)g(x)=0$ in $\Omega,$
2 $)$ $V_{\Omega}(\lambda)\in B(C(\partial\Omega), C^{\infty}(\Omega)\cap C(\mathbb{R}^{3}))$
$\frac{\partial}{\partial\nu_{x}}V_{\Omega}(\lambda)g|_{\partial\Omega}(x)=\lim_{harrow+0}\sum_{j=1}^{3}(\nu_{x})_{j}(\frac{\partial}{\partial x_{j}}V_{\Omega}(\lambda)g)(x-h\nu_{x}) (x\in\partial\Omega)$
$\frac{\partial}{\partial\nu_{x}}V_{\Omega}(\lambda)g|_{\partial\Omega}(x)=g(x)+S_{\partial\Omega}(\lambda)g(x)$ on $\partial\Omega,$ $(g\in C(\partial\Omega))$
$\circ$
$S_{\partial\Omega}( \lambda)g(x)=\int_{\partial\Omega}\frac{\partial}{\partial v_{x}}E(x-y;\lambda)g(y)dS_{y}$ on $\partial\Omega$
3 $)$ $\lambda>0$ $S_{\partial\Omega}(\lambda)$ $C(\partial\Omega)$ $C>0$
$\Vert S_{\partial\Omega}(\lambda)\Vert_{B(C(\partial\Omega))}\leq C\lambda^{-1}(\lambda\geq 1)$
(2.9) $v(x;\lambda)$
$v(x;\lambda)=V_{\Omega}(\lambda)\psi(x;\lambda)$ (5.1)
1) $(\triangle-\lambda^{2})v(x;\lambda)=0$ in $\Omega$
$g(x;\lambda)=\partial_{\nu_{x}}v(x;\lambda)|_{\partial\Omega}=\psi(x;\lambda)+S_{\partial\Omega}(\lambda)\psi(x;\lambda)$ on $\partial\Omega$
(2.9) $\psi$
$\psi(x;\lambda)+S_{\partial\Omega}(\lambda)\psi(x;\lambda)=g(x;\lambda)$ $on$ $\partial\Omega$ (5.2)
3$)$ $\lambda>>1$ $(I+S_{\partial\Omega}( \lambda))^{-1}=I+\sum_{n=1}^{\infty}(-S_{\partial\Omega}(\lambda))^{n}$ $B(C(\partial\Omega))$
$C>0$ $\mu_{0}>0$
$\Vert(I+S_{\partial\Omega}(\lambda))^{-1}-I\Vert_{B(C(\partial\Omega))}\leq C\lambda^{-1} (\lambda\geq\mu_{0})$
(5.2) $\lambda\geq\mu_{0}$ $C(\partial\Omega)$ $\psi(\cdot;\lambda)\in C(\partial\Omega)$
$g(x;\lambda)$ (3.1) $C>0$
$|\psi(x;\lambda)-g(x;\lambda)|\leq C\lambda^{-1-l_{2}} (x\in\partial\Omega, \lambda\geq\mu_{0})$ (5.3)
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$= \int_{\partial\Omega}dS_{y}\int_{\partial\Omega^{ds_{y^{\prime ee}}^{-\lambda|x-y|-\lambda|x-y’|\Phi(x,y,y’;\lambda)}}} (\lambda\geq\mu_{0})$
$\Phi(x, y, y’;\lambda)=-$$(2 \pi)^{2}|x-y||x-y’|1\psi_{1}(y;\lambda)\psi_{1}(y’;\lambda)(\lambda+\frac{1}{|x-y|})(\lambda+\frac{1}{|x-y’|})\frac{x-y}{|x-y|}\cdot\frac{x-y’}{|x-y’|}$
$\psi_{1}(y;\lambda)=\lambda^{l_{2}}\psi(y;\lambda)$
$J( \lambda)=\int_{\partial\Omega}dS_{y}\int_{\partial\Omega}dS_{y’}\int_{D}dxe^{-\lambda|x-y|}e^{-\lambda|x-y’|}\Phi(x, y, y’;\lambda)$ $(\lambda\geq\mu_{0})$ (5.4)
$d_{0}=$ dist $(D, \partial\Omega)$
$e^{-\lambda|x-y|}\leq e^{-\lambda d_{0}} (x\in D, y\in\partial\Omega, \lambda\geq\mu_{0})$
$|\Phi(x, y, y’;\lambda)|\leq C\lambda^{2} (x, x’\in D, y, y’\in\partial\Omega, \lambda\geq\mu_{0})$ (5.5)
(5.4) (5.1) $g(x;\lambda)$ (3.1) (5.3) $C>0$
$\Vert\nabla_{x}v(\cdot;\lambda)\Vert_{L^{2}(D)}^{2}+|\lambda|^{2}\Vert v(\cdot;\lambda)\Vert_{L^{2}(D)}^{2}\leq Ce^{-2\lambda d_{0}}\lambda^{2-2l_{2}} (\lambda\geq\mu_{0})$
(2.18)
(2.18) $\mathcal{M}=\{(x, y)\in\partial D\cross\partial\Omega||x-y|=d_{0}\}$
(5.4) $J(\lambda)$ $\tilde{\mathcal{M}}=\{\underline{(x,}y,$ $y’)\in\overline{D}\cross\partial\Omega\cross\partial\Omega||x-y|+|x-y’|=$
$2d_{0}\}$ $(x, y, y’)\in \mathcal{M}$ $|x-y|=|x-y’|=d_{0}$ ,
$(x, y),$ $(x, y’)\in \mathcal{M}$ Lemma 5.3 2) $y=x+d_{0}\nu_{x},$ $y’=$
$x+d_{0}v_{x}$ , $y=y’$ $\overline{\mathcal{M}}=\{(x,\underline{y,}y)\in\overline{D}\cross\partial\Omega\cross\partial\Omega||x-y|=d_{0}\}$
(5.4) $\mathcal{M}$
(3.1) $\underline{\Phi}(x, y, y’;\lambda)$ $(|x-y||x-y’|)^{-1}(x-y)\cdot(x-y’)$
$(x, y, y’)\in \mathcal{M}$ $J(\lambda)$
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$B_{R}(z)=\{x\in \mathbb{R}^{3}||x-z|<R\}$ $\delta>0$
$\mathcal{W}_{\delta}=\bigcup_{(x_{0},yo)\in \mathcal{M}}(\overline{D}\cap B_{\delta}(x_{0}))\cross(\partial\Omega\cap B_{\delta}(y_{0}))\cross(\partial\Omega\cap B_{\delta}(y_{0}))$
$\mathcal{W}_{\delta}\subset\overline{D}\cross\partial\Omega\cross\partial\Omega$
$\overline{\mathcal{M}}\subset \mathcal{W}_{\delta}$
Lemma 5.1 $\epsilon_{1}>0$ $\delta_{1}>\delta_{2}>0$
$\frac{x-y}{|x-y|}.$ $\frac{x-y’}{|x-y|}\geq 1-\epsilon_{1},$ $|x-y|\leq d_{0}+\epsilon_{1},$ $|x-y’|\leq d_{0}+\epsilon_{1}$
$((x, y, y’)\in \mathcal{W}_{\delta_{1}})$ ,
$|x-y|+|x-y’|\geq 2d_{0}+\delta_{2}$ $((x, y, y’)\in\overline{D}\cross\partial\Omega\cross\partial\Omega\backslash \mathcal{W}_{\delta_{1}})$ .
Lemma 5.1 [17] Appendix
Lemma 5.1 $\epsilon_{1}=1/2$ Lemma 5. 1 (3.1)
$C>0$ $\mu_{0}>0$
$\Phi(x, y, y’;\lambda)\geq C\lambda^{2} ((x, y, y’)\in \mathcal{W}_{\delta_{1}}, \lambda\geq\mu_{0})$





$\mathcal{W}_{\delta_{1}}\supset(\overline{D}\cap B_{\delta_{1}}(x_{0}))\cross(\partial\Omega\cap B_{\delta }(yo))\cross(\partial\Omega\cap B_{\delta_{1}}(yo))$
$J( \lambda)\geq 2C_{1}\lambda^{2}e^{-2\lambda d_{0}}\int_{\overline{D}\cap B_{\delta_{1}}(xo)}e^{-\lambda|x-x_{0}|}dx(\int_{\partial\Omega\cap B_{\delta_{1}}(yo)}e^{-\lambda|y-yo|}dS_{y})^{2}$
$-C’\lambda^{2}e^{-\lambda(2d_{0}+\delta_{2})}$
$\geq 2C_{1}\lambda^{-5}e^{-2\lambda d_{0}}-C’\lambda^{2}e^{-\lambda(2d_{0}+\delta_{2})}$
Proposition 1.1 (1.5) (1.6)
$\mu_{0}>0$
$J(\lambda)\geq C_{1}\lambda^{-5}e^{-2\lambda d_{0}} (\lambda\geq\mu_{0})$
$\Vert\nabla_{x}v(\cdot;\lambda)\Vert_{L^{2}(D)}^{2}\geq C_{1}\lambda^{-5-l_{2}}e^{-2\lambda d_{0}}(\lambda\geq\mu_{0})$ (2.18)
$\blacksquare$
Remark 5.2 Theorem 3.2 (3.1)
$g(\cdot;\lambda)\in C(\partial\Omega)$ $C>0$ $l_{2}\in \mathbb{R}$ (1), (2)
(1) $|\lambda^{l_{2}}g(y;\lambda)|\leq C(y\in\partial\Omega, \lambda>>1)$ ,




Lemma 5.$31$ ) $\mathcal{M}=\{(x, y)\in\overline{D}\cross\partial\Omega||x-y|=d_{0}\}$
2 $)$ $(x_{0}, y_{0})\in \mathcal{M}$ $v_{x_{0}}=v_{y0}$ $yo=x_{0}+d_{0}v_{x_{0}}$ $v_{x_{0}},$ $v_{y0}$
$x_{0}\in\partial D,$ $y_{0}\in\partial\Omega$ $\partial D,$ $\partial\Omega$
3 $)$ $(x_{0}, y_{0})\in \mathcal{M}$ $\delta>0$ $\delta>\delta’>0$ $\delta’$
$(x, y)\in\partial D\cross\partial\Omega$ $|y-y0|\geq\delta$ $|x-x_{0}|\leq\delta’$ $(x, y)\not\in \mathcal{M}$
3 $)$ ’ $(x_{0}, y_{0})\in \mathcal{M}$ $\delta>0$ $\delta>\delta’>0$ $\delta’$
$(x, y)\in\partial D\cross\partial\Omega$ $|y-yo|\leq\delta’$ $|x-x_{0}|\geq\delta$ $(x, y)\not\in \mathcal{M}$
:1) 2) $(x_{0}, y_{0})\in \mathcal{M}$ $x_{0}\in\partial D$











$v_{y0}$ $x_{0}\in\partial D$ $y_{0}\in\partial\Omega$
$\frac{y_{0}-x_{0}}{|y_{0}-x_{0}|}=v_{x_{0}}=v_{y0}$
$y0=x_{0}+|y_{0}-x_{0}|v_{x_{0}}=x_{0}+d_{0}v_{x_{0}}$
3 $)$ $\delta>0$ $(x_{0}, y_{0})\in \mathcal{M}$
$l\in \mathbb{N}$ $(x_{l}, y\iota)\in\partial D\cross\partial\Omega$ $|y_{l}-y_{0}|\geq\delta$ $|x_{l}-x_{0}|\leq 1/l$
$(x_{l}, y_{l})\in \mathcal{M}$ $\partial D,$ $\partial\Omega$ $\{l_{j}\}$ $x_{l_{j}}arrow x,$
$y_{l_{j}}arrow y(jarrow\infty)$ $\mathcal{M}$ $(x, y)\in \mathcal{M}$ $|y_{l_{j}}-y_{0}|\geq\delta$
$|x_{l_{j}}-x_{0}|\leq 1/l_{j}$ $iarrow\infty$ $|y-y_{0}|\geq\delta$ $x=x0$ $(x, y)\in \mathcal{M}$
$x=x_{0}$ 2) $x,$ $x_{0}\in\partial D$ $y=x+d_{0}\nu_{x}=x_{0}+d_{0}\nu_{x_{0}}=yo$
$|y-y_{0}|\geq\delta$ 3)
3$)$ ’ 3)’ 3)
$\delta>0$ $(x, y)\in \mathcal{M}$ $y=y_{0},$ $|x-x_{0}|\geq\delta$ 1), 2)
$x,$ $x_{0}\in\partial D$ $x=y-d_{0}\nu_{x}=y-d_{0}v_{y}=y0-d_{0}v_{y }=x_{0}$ $|x-x_{0}|\geq\delta$
3)’ $\blacksquare$
Lemma 5.1 $\epsilon_{1}=1/2$ $\delta_{1}>0$ $\mathcal{W}_{\delta_{1}}$
$\delta_{1}>0$ Remark 5.2 (2) $\delta>0$ $\delta>\delta_{1}>0$
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Lemma 5.4 $\delta_{1}>0$ Remark 5.2 (2) $(x0, y_{0})\in \mathcal{M}$ $\delta_{1}>$
$\eta_{1}>0$ $\eta_{1}>0$ $U=D\cap B_{\eta_{1}}(x_{0}),$
$V=\partial\Omega\cap B_{\delta_{1}}(y_{0})$
$\mathcal{M}\cap(\overline{U}\cross(\partial\Omega\backslash V))=\emptyset$ $U\cross V\cross V\subset \mathcal{W}_{\delta_{1}}$
: $\delta_{1}>0$ Lemma 5.3 3) $\delta_{1}>\eta_{1}>0$ $\eta_{1}>0$
$(x, y)\in\partial D\cross\partial\Omega$ $|y-y_{0}|\geq\delta_{1}$ $|x-x_{0}|\leq\eta_{1}$ $(x, y)\not\in \mathcal{M}$
$U=\{x\in D\Vert x-x_{0}|<\eta_{1}\}=D\cap B_{\eta_{1}}(x_{0}),$ $V=\{y\in\partial\Omega||y-y_{0}|<\delta_{1}\}=$
$\partial\Omega\cap B_{\delta_{1}}(y_{0})$ $\mathcal{M}\cap(\overline{U}\cross(\partial\Omega\backslash V))=\emptyset$ $(x, y, y’)\in U\cross V\cross V$





Lemma 5.1 Lemma 5.4 Remark 5.2 (2)
$\Phi(x, y, y’;\lambda)\geq C\lambda^{2} ((x, y, y’)\in U\cross V\cross V, \lambda\geq\mu_{0})$
$V\cross V\cross U$ $\partial\Omega\cross\partial\Omega\cross U\backslash V\cross V\cross U$
Lemma 5.4 $\mathcal{M}\cap(\overline{U}\cross(\partial\Omega\backslash V))=\emptyset$ $(x, y)\in\overline{U}\cross(\partial\Omega\backslash V)$
$|x-y|>d_{0}$ $\overline{U}\cross(\partial\Omega\backslash V)\subset\overline{D}\cross\partial\Omega$ $(x, y)\mapsto|x-y|-d_{0}$
$\epsilon_{2}>0$ $|x-y|\geq d_{0}+\epsilon_{2}(x\in\overline{U}, y\in\partial\Omega\backslash V)$
$e^{-\lambda(|x-y|+|x-y’|)}\leq e^{-2\lambda d_{0}-\epsilon_{2}\lambda} (x\in U,(y, y’)\in\partial\Omega\cross\partial\Omega\backslash V\cross V, \lambda>0)$.
$C_{1}>0$
$J( \lambda)\geq 2C_{1}\lambda^{2}e^{-2\lambda d_{0}}\int_{\overline{D}\cap B_{\eta_{1}}(xo)^{e^{-\lambda|x-x_{0}|dx(}}}\int_{\partial\Omega\cap B_{\delta_{1}}(yo)^{e^{-\lambda|y-yo|dS_{y})^{2}-C’\lambda^{2}e^{-\lambda(2d_{0}+\delta_{2})}}}}$
Theorem 3.2
6
2 (2.17) $\psi_{\lambda}(t, x)$ ,
$v(x;\lambda)$
$\psi_{\lambda}(t, x)=e^{-\lambda^{2}}tv(x;\lambda) v(x;\lambda)=E_{\lambda}(x,p) (p\in \mathbb{R}^{3}\backslash \overline{\Omega})$ (6.1)
1
[13]
(1.1) $\Omega=(0, L)\subset \mathbb{R},$ $D=(a, b)(0<a<$
$b<L)$ $\Omega\backslash \overline{D}=(0, a)\cup(b, L)$
$(0, a)$ $x=0$ $x=a$
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$(u(t, 0), \partial_{x}u(t, 0))(0<t<T)$ (6.1) $E_{\lambda}(\cdot,p)$
$(\triangle-\lambda^{2})E_{\lambda}(\cdot,p)=-2\delta(\cdot-p)$
$E_{\lambda,1}(x,p)=\lambda^{-1}e^{-\tau|x-p|}$ $($ $p<0)$
$E_{\lambda,1}(x,p)$ $\psi_{\lambda}(t, x)=e^{-\tau^{2}}tE_{\lambda,1}(x,p)$ $I^{(1)}(\lambda,p)$
(1.3)
Theorem 6.1 (Ikehata[13]) $p<0$ $\beta_{0}\in \mathbb{R}$
$\lim_{arrow}\inf_{\infty}\lambda^{\beta_{0}}|\int_{0}$ $u_{X}(t, 0)e^{-\tau^{2}}tdt|>0$ $($ 6.2 $)$
$\lim_{\lambdaarrow\infty}\lambda^{-1}\log|I^{(1)}(\lambda,p)|=-(|p|+2a)$
6.1 $|p|+2a$ $x=0$ ( $\partial\Omega$ ) $x=a(\partial D$
) $p$ dist $(D, \partial\Omega)$
dist $(D, \partial\Omega)=a$ (2.17) $D$
$I^{(1)}(\lambda,p)$ $D$
3 (1.1) (6.1) $\psi_{\lambda}$ (1.3)
$I(\lambda,p)$ $(u_{f}, f)$
(4.1) $w_{f}(x;\lambda)$ $I(\lambda,p)$
$I( \lambda,p)=\int_{\partial\Omega}(\partial_{\nu}E_{\lambda}(y,p)w_{f}(y;\lambda)-E_{\lambda}(y,p)\partial_{\nu}w_{f}(y;\lambda))dS_{y}$ . (6.3)
$p\in \mathbb{R}^{3}\backslash \overline{\Omega}$ $l_{p}(x, y),$ $l_{\min}$





1 . $D$ ( $\partial D$ Gauss $0$
)
2. $p$ $\partial\Omega,$ $\partial D$
3. $\partial_{\nu}u(t, x)$
(6.4) $l_{\min}$ 1
$l_{\min}$ $y\in\partial\Omega$ $x\in\partial D$ $p$




[12] ) 3 $\iota_{m}in$ $(x_{0}, yo)\in\partial D\cross\partial\Omega$
$\iota_{p}(x_{0}, y_{0i})=l_{mn}$ $(x_{0}, y_{0})\in\partial D\cross\partial\Omega$ $\mathcal{M}(P)$
$\mathcal{M}_{1}(p) =\{(x, y)\in \mathcal{M}(p)|x\in \mathcal{G}^{+}(p), \nu_{x}\cdot(y-x)>0\},$
$\mathcal{M}_{2}^{\pm}(p) =\{(x, y)\in \mathcal{M}(p)|x\in \mathcal{G}^{\pm}(p),\pm v_{x}\cdot(y-x)<0\},$
$\mathcal{M}_{g}(p) =\{(x, y)\in \mathcal{M}(p)|x\in \mathcal{G}(p)\}.$
$\mathcal{G}(p),$ $\mathcal{G}^{\pm}(p)$
$\mathcal{G}(p)=\{x\in\partial D|\nu_{x}\cdot(p-x)=0\},$ $\mathcal{G}^{\pm}(p)=\{x\in\partial D|\pm\nu_{x}\cdot(p-x)>0\}.$
Proposition 6.2
1 $)$ $\mathcal{M}(p)=\mathcal{M}_{1}(p)\cup \mathcal{M}_{2}^{+}(p)\cup \mathcal{M}_{2}^{-}(p)\cup \mathcal{M}_{g}(p)$
2 $)$ $(x_{0}, y_{0})\in \mathcal{M}_{2}^{+}(p)\cup \mathcal{M}_{2}^{-}(p)\cup \mathcal{M}_{g}(p)$ $x_{0}$ $py_{0}$
3 $)$ $D$ $(x_{0}, y_{0})\in \mathcal{M}_{2}^{\pm}(p)$ $x_{0}^{*}\in \mathcal{G}^{\mp}(p)$ $(x_{0}^{*}, y_{0})\in$
$\mathcal{M}_{2}^{\mp}(p)$ ( )
$(x_{0}, y_{0})\in \mathcal{M}(p)$ 1 $(x_{0}, y_{0})\in \mathcal{M}_{1}(P)$ $y_{0}$
$p_{X_{0}}$ 1
2 $(x_{0}, y_{0})\in \mathcal{M}_{1}(p)$
$(x_{0}, y_{0})\in \mathcal{M}(p)\backslash \mathcal{M}_{1}(P)$
3 $l_{mn}i$
$(x_{0}, y_{0})$ (6.4)





$I_{0}( \lambda,p)=\int_{\partial D}\partial_{\nu}E_{\lambda}(x,p)p_{f}(x;\lambda)dS_{x}$ (7.1)
(4.6) $I(\lambda,p)$ $C>0$
$|I(\lambda,p)-I_{0}(\lambda,p)|\leq Ce^{-\lambda^{2}T/2} (\lambda>>1)$ (7.2)
(7.2) (7.1) $I_{0}(\lambda,p)$
$I_{0}(\lambda,p)$ $\lambda\in \mathbb{C},$ ${\rm Re}\lambda>0$
$I_{0}(\lambda,p)$ $\lambda\in \mathbb{C},$ ${\rm Re}\lambda>0$ $\delta_{0}>0$
$\mathbb{C}_{\delta_{ }}=\{\lambda\in \mathbb{C}|{\rm Re}\lambda\geq\delta_{0}|{\rm Im}\lambda|\}$
Theorem 7.1 $\partial D$ $\mathcal{M}_{g}(p)=\emptyset$ $(x_{0}, y_{0})\in \mathcal{M}(p)\backslash$
$\mathcal{M}_{g}(p)$ $l_{p}(x, y)$ $\mathcal{M}(p)$
$(x_{0}, y_{0})\in \mathcal{M}_{1}(p)\cup \mathcal{M}_{2}^{-}(p)$ $C(x_{0}, y_{0})>0$
$I_{0}( \lambda,p)=\frac{1}{\lambda}e^{-\lambda l_{\min}}\{A(\lambda,p)g+\Vert g(\cdot, \lambda)\Vert_{C^{0,\alpha}0(\partial\Omega)}O(\lambda^{-\alpha 0/2})\}$ $(\lambda\in \mathbb{C}_{\delta_{0}}, |\lambda|arrow\infty)$ ,
$A( \lambda,p)g=\sum_{(x_{0},yo)\in \mathcal{M}_{1}(p)}C(x_{0}, y_{0})g(y_{0}, \lambda)-\sum_{(x_{0},yo)\in \mathcal{M}_{2}^{-}(p)}C(x_{0}, y_{0})g(y_{0}, \lambda)$
.
Theorem 7.1 (7.2)
Corollary 7.2 Theorem 7. 1 $\beta_{0}\in \mathbb{R}$ $g(x, \tau)$
$\lim_{arrow}\inf_{\infty}\lambda^{\beta_{0}}|A(\lambda,p)g|>0, \lim_{\lambdaarrow\infty}\lambda^{\beta_{0}-\alpha 0/2}\Vert g(\cdot, \lambda)\Vert_{C^{0,\alpha}0(\partial\Omega)}=0$ (7.3)
(6.4) $A(\lambda,p)g$ Theorem 7.1




6 $2$ Theorem 7.1 $\mathcal{M}$g(p) $=\emptyset$
$(x_{0}, y_{0})\in \mathcal{M}(p)\backslash \mathcal{M}_{g}(p)$ $l_{p}(x, y)$
Proposition 7. $3(x_{0_{)}y_{0}})\in \mathcal{M}(p)\backslash \mathcal{M}_{g}(p)$ $yo\in\partial\Omega$ $\partial\Omega$
lm-il $l_{p}(x, y)$ $(x_{0}, y_{0})$
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Proposition 7.3 $l_{p}(x, y)$ 6








6 1 $\Omega$ $O$ $R,$ $D$ $q$ $r$
$(|q|+r<R)$ $D$ $Op$ Proposition 7.4
$\mathcal{M}(p)=\mathcal{M}_{1}(p)$ $\mathcal{M}_{1}(p)=\{(q+r\omega, R\omega)\}$ $($ $\omega=|p|^{-1}p)$
$l_{\min}=h+2(R-r-|q|)$ $( h= dist(p, \partial\Omega)$ ) Proposition
7.3 Corollary 7.2 $l_{\min}<R$ $h<2(r+|q|)-R$ (7.3)
lmi $D$
$P$
$\partial\Omega$ $\sup\omega\cdot x=R+2^{-1}(h-l_{\min})$ $D\subset\{x\in$
$x\in$
$\mathbb{R}^{3}|\omega\cdot x\leq R+2^{-1}(h-l_{\min})\}$
Proposition 7.3 $(x_{0}, y_{0})\in \mathcal{M}_{1}(p)$
$D$




7. 1 Corollary 7.2
8 7.1
$[18|$ Theorem7. 1 Theorem
3.2 (4.2) $p_{f}(x;\lambda)$
$V_{\Omega}( \lambda)g(x)=\int_{\partial\Omega}E_{\lambda}(x, y)\varphi(x, \lambda)dS_{y},$ $V_{D}( \lambda)h(x)=\int_{\partial D}E_{\lambda}(x, z)\psi(z, \lambda)dS_{z},$
$p_{j}(x;\lambda)=V_{\Omega}(\lambda)\varphi(x, \lambda)+V_{D}(\lambda)\psi(x, \lambda)$ $\varphi(\cdot, \lambda),$ $\psi(\cdot, \lambda)$
${\rm Re}\lambda$ Neumann $\varphi(\cdot, \lambda)\in$
$C^{0,\alpha 0}(\partial\Omega),$ $\psi(\cdot, \lambda)\in C^{0,\alpha_{0}}(\partial D)$ (7.1)
$I_{0}(\lambda,p)=\lambda I_{00}(\lambda,p)+I_{01}(\lambda,p)$ ,
$I_{0j}( \lambda,p)=(\frac{1}{2\pi})^{2}\int_{\partial\Omega}dS_{y}\varphi(y, \lambda)\int_{\partial D}e^{-\lambda l_{p}(x,y)}G_{j}(x, y,p, \lambda)dS_{x},$ $j=0,1$ (8.1)
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$G_{j}(x, y,p, \lambda)(j=0,1)$ $\partial\Omega$ $M_{j}(\lambda)$
$F_{j}(x,p, \lambda)=e^{\lambda|x-p|}(M_{j}(\lambda)(\frac{e^{-\lambda|\cdot-p|}}{|-p|}))(x), j=0,1$
$(x,p, \lambda)$ $F_{0}(x,p, \lambda)+F_{1}(x,p, \lambda)$
7.1 (8.1) Laplace $G_{j}(x, y,p, \lambda)$
$|\lambda|arrow\infty$ $F_{j}(x,p, \lambda)$
$\delta>0$ $\mathcal{G}_{\delta}(p)=\{x\in\partial D|$ dist $(x, \mathcal{G}(p))\geq\delta\},$ $\mathcal{G}_{\delta}^{\pm}(p)=\mathcal{G}_{\delta}(p)\cap \mathcal{G}^{\pm}(p)$ .
Lemma 8.1 $\mu_{0}>0$ $C>0$ $\delta>0$ $C_{\delta}>0$
(1) $|F_{j}(x,p, \lambda)|\leq CRe\lambda(x\in\partial D, \lambda\in \mathbb{C}_{\delta_{0}}, Re\lambda\geq\mu_{0}, j=0,1)$ .
(2) $|F_{j}(x,p, \lambda)|\leq C_{\delta}(Re\lambda)^{-1}$ $(x\in \mathcal{G}_{\delta}^{+}(p), \lambda\in \mathbb{C}_{\delta_{0}}, Re\lambda\geq\mu_{0}, j=0,1)$ .
(3) $|F_{1}(x,p, \lambda)|\leq C_{\delta}(Re\lambda)^{-1}(x\in \mathcal{G}_{\delta}^{-}(p), \lambda\in \mathbb{C}_{\delta_{0}}, Re\lambda\geq\mu_{0})$.
(4) $|F_{0}(x,p, \lambda)+\frac{1}{|x-p|}|\leq C_{\delta}(Re\lambda)^{-\alpha 0/2}(x\in \mathcal{G}_{\delta}^{-}(p), \lambda\in \mathbb{C}_{\delta_{0}}, Re\lambda\geq\mu_{0})$ .




$|K_{\lambda}(x, y)|\leq C_{0}\mu e^{-\mu|x-y|}(x, y\in\partial D, x\neq y, \mu={\rm Re}\lambda>0)$ (8.2)
$| \tilde{K}_{\lambda}(x, y)|\leq\frac{C_{3}e^{-\mu|x-y|}}{|x-y|}(x, y\in\partial D, x\neq y, \mu={\rm Re}\lambda>0)$
$K_{\lambda}(x, y)$ $\tilde{K}_{\lambda}(x, y)$
Lemma 8.1 $(I -tY_{22}(\lambda))^{-1}-I=tY_{22}(\lambda)(I-$
$tY_{22}(\lambda))^{-1}$ (8.2)
$\partial D\cross\partial D$ $K_{\lambda}(x, y)$ $\partial D$
$K_{\lambda}h(x)= \int_{\partial D}K_{\lambda}(x, y)h(y)dS_{y} (h\in C(\partial D))$
Theorem 8.2 $\mu_{0}>0$ ${\rm Re}\lambda\geq\mu_{0}$ $K_{\lambda}(I-K_{\lambda})^{-1}$ $\partial D$
$\delta_{0}>0$
$|K_{\lambda}^{\infty}(x, y)|\leq C_{\delta_{0}}\mu e^{-\mu|x-y|} (x, y\in\partial D, \lambda\in \mathbb{C}_{\delta_{0}}, \mu={\rm Re}\lambda\geq\mu_{0})$
$C_{\delta_{0}}>0$ $K_{\lambda}^{\infty}(x, y)$ $K_{\lambda}(I-K_{\lambda})^{-1}$
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Theorem 8.2 $M_{1}(x, y;\lambda)$
$|M_{1}(x, y; \lambda)|\leq C(\mu+\frac{1}{|x-y|})e^{-\mu|x-y|}$ $(x, y\in\partial D, \lambda\in \mathbb{C}_{\delta_{0}}, \mu={\rm Re}\lambda\geq\mu_{0})$
[19] [19]
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